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Goal

ANon-linear binary classifier
Almbalanced data sets
A Fast
A Scalable

ANatural Applications
A Object Detection
A Fraud Detection
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Relatively small
number of samples

SVM:the zero-one losgs upper
bounded by the hingéoss.

1.0
| maxQ1- y,w'x))+/|w’
i=1

[ Vapnik 2000, Zhang 2002, Bartlett
& Mendelson 2003, Bousquet etal.
2004, Kalade etal, 2009]

(Infinitely) many
training samples

Minimax the zerooneriskis
upper bounded by the worst
case risk among all data
distributions Z(mS)

1
sup Prw'z¢0) = ——
z~2(msS) 1+ (W n)
w' Sw
[ Lanckriet et al., 2003;
Honorio & Jaakkola , 2014]



Imbalanced problems

Minimax

Hinge Risk

Positive set T small

Negative set - very number of samples

large number of samples

Hinge Minimax Classifier



Hinge-Minimax Linear Classifier
(x,y)~D, xi RY, yi{-11, zI yX y, =sign(w'x)

Lo (W) = Ep

1y, (x), v

Hinge risk bound:

Lo (w) ¢ Ep[max{o, 1- yw 3T L% (w)

Hinge risk bound for the
positive class: DY

L " (w) = E_.[max{0, 1- w' X}]

Minimax risk bound:
L%w) ¢ sup Pr@w’z¢ o)l Lis, (W)

Z~Z(”£’Sz)

n= E(x,y)~D[Z] Sz = E(x,y)~D[(Z_ nZ)(yX_ nZ)T]

Minimax risk bound for the
negative class: D-

1
LM=*(w) = sup Prw'x>0)= .
T R 7

w' Sw

L (w) T

LA W) + L5 (w)

o [(x- m(x-m']




Lt w) T LA (W) + LA (w)

ECCV 2012
AApplied linear classifier to vision problems.

AGeneralized to kernel classifier with a fixed
number of support vectors.

AFaster than SVM

ABut computing non - linear support vectors
IS still expensive



Intersection of K Hyperplanes

B1 if wx2
f (x)=1 if W'x20
[-1 otherwise

Klivans & Servedio 2004; Arriaga & Vempala 1999

Computationally costly for a large 1
examples




Intersection of K Hyperplanes

: ‘ - f-1 otherwise
“**- 4
RS L%”(W)¢/LE;1(W) +Lps (W)T Ly w)

(W) =E_. 8a max{0, 1- w x}u
=1

LY (W)= sup PrW'x>0)

X~Z(msS)




Ly (W)= sup PriW'x2 0)=7?

X~Z(mS)

5 WTx2 0 isconvex set

Let20 > he alj distributions with known mear and
covariancq . ForKfixed hypeplanesw, (i =1...,K),

(Marshall &  Olkin , 1960) SUP PFWTX >0) = : 5
X~Z(msS) 1+d

d2 = inf (x- MTSXx- m).

WTx20



Example

W= [Wl W2 W3]

X =argmin (x- m'S*(x- m).

is a matrix with columns that satisfy w'x =0

W
W

=[w w]



L
Lys (W)= sup PriV'x2 0)="7

X~Z(mS)

Let’20 > he alj distributions with known mean and
covariancg . ForKfixedhypeplanesw (i =1,..K),

sup PriW'x>0) = 2 , d?=inf (x- m)'S*(x- m.

x~Z(mS) 1+ W' x20

Let X =argmin (x- m)'S*(x- m) W and  be a matrix witt
columns that satisfyw' X =0,

We showed that |q2 = /TIVT/MTSVT/)_ W7 Aﬁ d2=M
w'Sw




L
Expected Risk for y=-1

1
LV (W)= sup PriW'x2 0) = L
(W) x~Z(nI238) w ) 1+ /ﬁW@NTSW) W




Uniform Generalization Bound

We showed:
Confidence

\
LMH (VV) ¢ LH 1(VV) + LM 1(\N) O%( |Og(1/d) O

/ | i

Empirical estimation of Empirical estimation of Training set

LI;J’rl (VV) LM 1(\/\/) size




D
Proof Sketch

1. Show

Iog(l/a') o

W) ¢ LA W) + ogj

Extension of the Rademacher compIeX|ty to Wi R
2. Show

Iog(l/d) 0

Lns (W) € Lg (W) + og<\/

Show for K=1
Follows the same steps for K>1



We show:

o, o[ RO A o :

a2

h bounds the minimal eigenvalue of



L
For K=1 (cont.)

Using Bernstein inequality for vectors
([ Gross, 2011,Candes & Plan, 2011)] ) for HXH ¢l

2 \/32(Iog(1/d) +1/4)
D, ¢ -
a a

D, ¢ 1 \/32(I0g(1/f/) +1/ 4)

a‘ 1=

A is the number of negative examples



L
For K=1 (cont.)

(=
LS (w) =— sup_Pr(w'x>0)
M x~-z (&5
Estimate/ = (X,y)__D[][y =-1]] by its empiricalrirean

and useHoeffdinginequality to bound its deviation from'" .

Combining all together: .
With the probability error of3t, for m>logg

Lt ) ¢ LY 4 \/32Iog(1/d)+1/4+\/log(1/d)
m 2m

c=2/a+l/la’*+1



Algorithm

AMinimizes the bound

Convex optimization for K=1

min g mvviH2+max{O, 1- vvfx*}) sup Pr@w'x >0)
Wk x ~Z(#$)

Hard to compute

Approximation Algorithm

AFind K hyperplanes in a greedy way using convex optimization for
a single hyperlane.

A lteratively refine the K hyperplanes.




L
Approximation Algorithm- Greedy Phase




L
Approximation Algorithm- Greedy step
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L
Approximation Algorithm- Greedy step
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L
Approximation Algorithm- Greedy step
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Approximation Algorithm

ARefinement phase
A Keep K-1 hyperlanes fixed, find the Kth hyperplane




Approximation lterative Algorithm

ARefinement phase
A Keep K-1 hyperlanes fixed, find the Kth hyperplane




Approximation lterative Algorithm

ARefinement phase
A Keep K-1 hyperlanes fixed, find the Kth hyperplane
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Experiments:; Synthetic Data

ATest the robustness to imbalance in data.

A5000 2d points, equally partitioned into train, validation
and test.

K«

Positive | 0.01 0.1 0.2 0.3 0.4 0.
fraction

AUC | 94.68 | 9491 | 95.07 | 9496 | 94.89 | 95.83

N




